In [1] , the authors explore mmW frequency bands to design a 5G enhanced Local Area Network (eLAN). While [2] proposes a general framework to analyze the coverage and rate performance of mmWave networks, [3] proposes a tractable mmWave cellular network model and analyzes the coverage rate. However, one must remember that mmWave cellular communication is heavily dependent on the propagation environment. MmWave signals are affected by several environmental factors such as O 2 absorption and atmospheric conditions. and cannot penetrate through obstacles like buildings, concrete walls, vehicles, trees etc. Due to these limitations, such bands were not considered suitable for cellular transmission for a long time. However, recent studies and measurements have revealed that the significant increase in omnidirectional path loss can be compensated by the proportional increase in overall antenna gain with appropriate beamforming. The performance of mmWave cellular systems was analyzed in [4] using real time propagation channel measurements. Blockage effects and angle spreads were also incorporated in [5] to analyze mmWave systems. Generally in a communication system, path losses are computed for both line-of-sight (LOS) and nonline-of-sight (NLOS) measurements. It was stated in [6] that the blockages cause substantial differences in the LOS and NLOS path loss characteristics. Hence, it is very important to appropriately model the LOS and NLOS links in mmWave networks. Furthermore, the measurements for path loss were carried out for 73 GHz frequency in [7] and [8] .
In conventional communication systems, relay aided transmission has been regarded as an effective way to increase the coverage probability, throughput and transmission reliability of the networks [9] . While [10] considers the deployment of relays as a network infrastructure without a wired backhaul connection, [11] explores the potential of deploying relays to design a cost effective network. The use of relays can be a promising solution for mmWave systems to combat the blockage effects and path losses that are encountered in mmWave networks. In this regard, multiple relays can be deployed between the sources and the destination of a transmission link. Performance evaluation of relay aided networks has been widely studied in [12] , [13] . Recently, cooperative relaying has been proposed in order to extend the coverage, increase the capacity and to provide cost effective solutions. In [14] , authors have studied the coverage probability of relay aided cellular networks with different association criteria between the base station and mobile station. It has been shown that coverage probability highly depends on path loss exponents and density of relays. Similarly, the achievable transmission capacity has been analyzed in relay assisted device-to-device networks in [15] .
Recently, the performance of Decode-and-Forward and Amplify-and-Forward strategies with high gain antenna arrays was characterized in [16] . The numerical results proved that directional antennas are useful for multi-hop relays. Hence, it is implicit that relays can prove to be an important tool in the design of mmWave cellular systems because coverage in such systems is a more acute problem, given the large difference between LOS and NLOS propagation characteristics.
All together, it has been clearly shown in literature that relays are beneficial and provide larger coverage and higher data rates. Furthermore, several strategies have been proposed in literature for relay aided transmission, namely amplify and forward, decode and forward and demodulate and forward [9] , [10] , [12] , [15] .
Stochastic geometry approaches have recently gained significant attention to develop tractable models to analyze the performance of wireless networks [17] . In this approach, the wireless network is abstracted to a convenient point process that is used to capture the network properties. A poisson point process (PPP) is the most popular and tractable point process to model the locations of users and base stations in wireless networks. [18] models the base stations as a PPP and determines the aggregate coverage probability. Heterogeneous networks with a similar base station modelling were studied in [19] . Inspired by the stochastic geometry approach to analyze the performance of conventional cellular systems, we design a framework for evaluation of the coverage and rate performance in mmWave networks. However, applying the results of conventional cellular systems to mmWave is nontrivial due to their differences in propagation characteristics and the use of highly directional beamforming. Directional beamforming was applied in [20] by considering a simplified path loss model. While in [21] a blockage model for mmWave is used to analyze the rate and coverage area of such systems, a distance dependent path loss model along with antenna gain parameters are considered in [3] to characterize the propagation environment in mmWave systems. Furthermore, we would like to refer the readers to [1] [2] [3] , [21] which develop several mathematical frameworks to model the propagation characteristics of mmWave networks.
In this paper, we incorporate relays to aid mmWave networks in order to provide better coverage and decrease blockage effects on the transmission link. We consider a stochastic geometry approach to characterize the spatially distributed relays and the sources. It is assumed that the sources and the relays in the mmWave network follow two PPPs but are independent of each other. Most works on relay-aided networks assume that the number of relays in the network is fixed and known. However, such fixed type network relays may not be suitable for practical outdoor environments when a network topology dynamically changes. Due to the fact that some relays are in outage because of blockages in the network, we consider the subset of relays which has lesser path loss. This consideration leads to a marked Poisson process. In general, however, one must contend with the mathematical challenges of working with such point processes.
Furthermore, several relay selection techniques have been proposed in literature for relay aided transmission, namely random relay, best relay and optimal relay [9] , [10] , [12] , [15] . However, we conform to two strategies for tractable analysis, namely random relay and best relay. The motivation behind the use of a random relay selection is to capture blockage effects on performance of active set of relays. Specifically, the end-to-end SNR is characterized using amplify and forward technique where the relay obtains a noisy version of the signal transmitted by the source in presence of blockages and then amplifies its received signal and re-transmits it to the destination again in presence of blockages. After finding a best random path, one will be able to provide a bound on the active relays which can participate in the communication. These relay nodes are the ones that are minimally affected by blockages.
In this paper, we also consider the best relay selection in order to study the trade off between performance and complexity of random relay selection techniques in mmWave networks. Specifically, we will investigate the coverage probability and the transmission capacity of relay-assisted mmWave networks using stochastic geometry tools. The analysis presented here adds valuable insights to related recent works [3] and [22] on the impact of blockages in mmWave random networks.
The main contributions of this paper can be summarized as in the following points:
• We have presented a relay modeling technique in mmWave networks considering blockages, in which we compute the density of active relays that aid the transmission. • A closed form expression for end-to-end SNR is provided and the best random relay path in a mmWave network using order statistics is calculated. • To investigate the asymptotic increase in the number of transmission paths, extreme value theory is used and accordingly the maximum end-to-end SNR of random relay paths is found to approach the Gumbel distribution. • We have also provided the closed form expression of the SNR distribution for the best relay having maximum path gain in such a network. • Finally, an analysis on the coverage probability and the transmission capacity of relay aided mmWave networks is provided. It is shown that relays improve the received SNR for mmWave networks for a specific coverage probability. Notations: We use upper and lower case to denote cumulative distribution functions (CDFs) and probability density functions (PDFs) respectively. R denotes the real plane while Z + denotes the plane for real and positive integers. The probability is denoted by P[·]. All other symbols will be explicitly defined wherever used.
The rest of the paper is organized as follows. Section II gives the mathematical preliminaries to aid our analysis while Section III describes the system model. The conditions for relay transmission in mmWave networks are presented in Section IV and the SNR analysis of the relay schemes used in the paper is presented in section V. In Section VI, we present the coverage probability and transmission capacity and section VII gives the simulation results. Finally, we conclude the paper in Section VIII.
II. MATHEMATICAL PRELIMINARIES
In this paper, we extensively use log-normal random variables to model the shadowing effects caused due to random blockages in a mmWave network. A few important results are presented in this section for better understanding of the paper. However, we avoid the proofs of any results provided here as they are well known in literature of probability theory.
Definition: A log-normal random variable X with parameters µ and σ is defined as
where µ and σ are the mean and standard deviation of the variable's natural logarithm respectively and Z is a standard normal variable. The PDF of a log-normal distribution is given by
and the CDF is given by
where erfc is the complementary error function, and Q is the cumulative distribution function of the standard normal distribution. We give the following lemmas in no particular order which will aid our subsequent analyses. Lemma 1: Let X j ∼ ln N (µ j , σ 2 j ) be n statistical independent log-normally distributed variables, and Y = n j=1 X j , then Y is also log-normally distributed with parameters n j=1 µ j , and n j=1 σ 2 j . Lemma 2: Let X j ∼ ln N (µ j , σ 2 j ) are independent lognormally distributed variables with varying σ and µ parameters, and Y = n j=1 X j . Then the distribution of Y has no closed form expression, but can be reasonably approximated by another log-normal distribution Z with parameters [23] 
III. SYSTEM MODEL
In this section, we illustrate our system model for a relay assisted mmWave network. We focus on the communication from multiple sources to a destination aided by multiple relays in the presence of blockages. The destination is assumed to be located at the origin O. We term the direct link between a source and the destination or a relay and the destination as connection link. The link between a source and a relay is termed as the relay link. The specifics of the model are described below. 
A. Network Modeling
We consider a relay-aided mmWave ad hoc network consisting of multiple sources transmitting to a typical destination (reference point) as shown in Fig. 1 . The sources in the network are modeled as points in R 2 which are distributed uniformly as a homogeneous PPP Φ S with intensity λ S . The relays are also modeled as points of a uniform PPP, denoted by Φ R , with density λ R in R 2 .
B. Path Loss Modeling
It is well known that shadow fading heavily depends on the site-specific details of an environment. More specifically, path loss dependent shadow fading is typically a result of regression analysis on a signal level measurement represented on a distance dependent path loss scatter plot. In other words, a path loss law is fitted to the measurement, and the residual error of the model fit is called shadow fading. The path loss can be modeled in several ways from practical data accumulated from field measurements. In this paper, for analytic tractability, we use the alpha plus beta model (based on the traditional free space path loss model) given in [1] , which takes into consideration the log-normal shadowing. Accordingly, in a mmWave transmission, the path loss (in dB) associated with the transmission between any two nodes x i and x j can be given as
where ||x i − x j || is the distance between the ith and jth nodes with {i, j} ∈ Z + and X N ∼ N (0, σ 2 ). However, it is to be noted that the sources and the relays can be either LOS or NLOS. Let the path loss at a fixed small reference distance be β. Then for such a model, α can be physically interpreted as the path loss exponent. Moreover, the parameters (α, β) can be looked upon as the floating intercept and slope of the best linear fit data. In that case, it may not be necessary to attribute (α, β) with any specific physical interpretation. The deviation in fitting (in dB) is modelled as a Gaussian random variable X N (Lognormal in linear scale) with zero mean and variance σ 2 . Accordingly, α, β and σ 2 are altered for each of the two scenarios. According to [1] , [24] , the alpha plus beta model can be compared to the free space path loss model for a certain range of distances (30m-200m). For millimeter wave networks, due to path loss sensitivity, the typical communication range falls under 200m. Therefore, considering the alpha plus beta model is a viable approximation for such high frequency communications.
In mmWave networks, small scale fading does not have as much impact on transmitted signals as compared to lower frequency systems. However, blockages and shadowing are more significant in such systems. It is extensively mentioned in literature [1] , [5] that in mmWave analysis, small scale fading can be ignored. Hence, ignoring fading and considering only shadowing, the probability density function of X N in (6) can be defined as
where the parameters, µ c and σ 2 c follows from [3] and x > 0.
C. Directional Beamforming Modeling
Due to the small wavelength of mmWaves, directional beamforming can be exploited for compensating the path loss and additional noise. Accordingly, antenna arrays are deployed at the source, relays and the destination. In our model, we assume all the sources and the relays to be equipped with directional antennas with sectorized gain pattern. Let θ be the beamwidth of the main lobe. Then the antenna gain pattern for a source, relay or destination node about some angle φ is given as [2] 
are the array gains of main and side lobes, respectively. The user gain pattern can also be modeled similarly. Hereinforth, for simplicity we assume the antenna beams of the connection link and the relay link to be aligned. Hence, the total gain on a desired connection link is G max and the relay link is (G max ) 2 .
D. Blockage Modeling
Blockages in the network are usually concrete buildings which cannot be penetrated by mmWaves. We consider the blockages to be stationary blocks which are invariant with respect to directions. Different researchers have tried to model blockages with varied level of success based on different geographical scenarios. [2] uses the PPP based random blockage model, where e −βr is considered to be the probability of LOS with β being the blockage density and r the distance between the transmitting and receiving nodes. Another model that has been considered in literature is a fixed LOS probability model as was depicted in [3] . Leveraging the modeling of blockages from this later model, we consider a two state statistical model for each and every link. The link can be either LOS or NLOS. LOS link occurs when there is a direct propagation path between a source and the destination while NLOS occurs when the link is blocked and the destination receives the signal through reflection from a blockage. Let the LOS area within a circular ball of radius r D be centered around the reference point. Then, if the LOS link is of length r, the probability of the connection link to be LOS is given by p LOS if r < r D and 0 otherwise. Similarly, the NLOS probability is represented by p NLOS . The parameters r and r D are dependent on the geographical and deployment scenario of the network. The analytical results derived in this paper are based on the blockage model proposed in [3] and the numerical analyses are done based on the data accumulated by [2] and [3] .
E. SNR Modeling
Recent studies on mmWave networks [1] , [3] , [5] , state that mmWave networks in urban settings are more noise limited -in contrast to conventional cellular networks, which are usually strongly interference limited. This is due to the fact that in the presence of blockages, the signals received from unintentional sources are close to negligible. In such densely blocked scenarios (typical for urban settings), SNR provides a good enough approximation to signal to interference plus noise ratio (SINR) for directional mmWave networks. Additionally, such an assumption also aids us in deriving closed form expressions and hence, interference at the destination is ignored hereinafter.
In order to characterize the SNR distribution, we assume a two slot synchronous communication throughout the paper. While the active relay nodes are allowed to receive from the sources in the first time slot, the destination is allowed to receive from the active relay nodes and the sources in the second time slot. We also assume that all relays co-operate with each other while transmitting and are deployed with a guard zone 1 .
First Time Slot: Consider that the relay nodes are served by the sources during this time slot. The SNR at any specific relay, R can then be formulated as
where P S is the transmit power of the source, r SR 2 is the length of the link from the source to relay, α is the path loss exponent, i ∈ {LOS, NLOS} and N 0 is the noise power.
Second Time Slot: Consider that the destination, D is served by a source with or without the help of relay R during this time slot 3 . Then the SNR at the destination D receiving signal 1 The guard zone resembles a specific SNR which must be fulfilled in order for the relay node to be deployed. This is explained in Section III of this paper. 2 r AB is the distance between the A-th and B-th nodes. 3 This model of considering the destination to receive the signal from the source as well as relay in the second time slot can be useful when considering a maximal ratio combining scheme at the destination which would take into consideration both the signals from the relay and the source provided that the strength of the signal is above a certain threshold.
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Similarly, the SNR at the destination D receiving signal only from the relay, R can be given as
where P R is the transmit power of the relay. Note that for simplicity, we have omitted the subscript 'max' from G in all our subsequent discussions. Hereinafter, for analytical tractability, we consider that the transmitted power at the source and relay is the same and given as P . Now, considering that the source transmits to the destination only through the aid of the relay, the coverage probability of such a relay-aided transmission link with a target SNR, T is given by
IV. RELAY AIDED MMWAVE TRANSMISSION Fig. 2 shows an example of a transmission from a source to a destination through the aid of a relay. With the assistance of relays, it is possible to act on the constraints of path loss in a mmWave network and also extend the communication distance while improving the quality of communication. In this section we characterize the conditions for relay aided transmission in mmWave communication networks.
Relay cooperation takes place if and only if the SNR at the destination from the source through a direct link is not good enough and falls below a certain threshold. In order to avoid the aid of relay, we define a required outage constraint γ out for the source-to-destination link as
A. Preliminaries on Active Relays
Due to the impact of blockages, some of the relay nodes may not be available or capable to support the transmission from source node to destination node and only a subset of the relay nodes may participate in the communication. In this subsection we give an insight on such active relays which are available to aid the communication from the source to the destination.
Consider the distribution of relays follows a terrain according to its coverage probability, which depends on the blockages and deployment constraints. Hence, the distribution is far from being spatially uniform. Such conditions are clearly distinct from the random and uniformly distributed network assumptions that lead to a Poison number of nodes per unit area i.e., the PPP model -commonly adopted in current literature [12] [13] [14] . Some recent works such as [25] , [26] focus on the impact of topological models on random networks. To elaborate, in [25] HCPPs are proposed to model networks with carriersensing multiple access (CSMA) techniques, and in [26] the coverage probability of cellular systems are analyzed under PPP, HCPP and Strauss Process (SP) models. These models are further compared against field data, which demonstrate that indeed HCPP and SP lead to significantly more accurate results than the PPP model commonly used earlier. All in all, it is now an established fact that as far as the topological models for random networks are concerned, the PPP alone is not sufficient, and hence alternative models need to be considered. Motivated by such recent results [25] [26] [27] , we consider the Matérn HCPP model in order to characterize the distribution of active relays in the following analysis 4 .
Since we model the distribution of relays in our network with a MHCPP, it is worthwhile to mention here some properties of MHCPP. In the MHCPP Type I, all the points obtained from a stationary PPP of intensity λ p are retained if and only if they are at a distance of at least d from all other points. Whereas, in MHCPP Type II model, points are obtained by deleting the primary points that co-exist within a distance less than the hard core distance from another primary point having a lower mark. For a MHCPP model, which is generated from a homogenous PPP, Φ p , with intensity λ p and repulsive distance d, the intensity λ m of the MHCPP is given by [25] , [27] 
Consequently, the probability of a point being retained from
These hardcore models (Type I and Type II) of point processes are not directly applicable to fading and blockage environments. This is due to the fact that the density of active number of nodes depends on random fading gains and blockage processes. To tackle the impact of fading, [27] extends the hard core process analysis for the case of Rayleigh fading and [25] derives the active number of transmitters under generalized fading channel by employing MHCPP Type II model. In this paper, we leverage the results from [25] and incorporate additional blockage effects. It is a well known fact that the characterization of non-PPP models (general topologies) via the Laplace Functional and probability generating functionals is in reality a challenging problem. Therefore, the hard-core point processes are quite difficult to analyze due to the simple reason that their probability generating functionals do not exist [27] [28] [29] . However, it has been argued in [27] , [28] that the nodes further away from the hard core distance, d can still be modeled as a PPP. Furthermore, it has been shown in [29] that MHCPP type II is better approximated with a PPP rather than Type I. Hence, we take into account such an approximation for analytical tractability and consider that the distribution of relay nodes follows a PPP, while the density of the relay nodes is approximated by that of a modified hardcore PPP with densityλ R .
B. Density of Active Relays
In this subsection, we aim to find the intensity of active relays by generalizing the traditional MHCPP for blockage environments in mmWave. To overcome underestimation flaw, in [25] , authors made an assumption of a bounded region, a circle with a deterministic radius, where the nodes contribute to the event of interest. In our model, the contribution of each relay node to the event of interest will be Bernoulli distributed with a parameter that accounts for both shadowing and blockage process. The procedure to find active density of relay nodes follows similar steps as in [25] . However, the neighborhood success probability varies due to the addition of blockage process in our system.
Let Φ R be the primary point process andΦ R be the generalized MHCPP. In order to generalize the traditional MHCPP with respect to SNR, the hard-core distance d is replaced with the received SNR. A relay node is retained in Φ R if and only if it has the lowest mark in its neighborhood set of relays N (x i ) which is determined by dynamically changing the random-shaped region defined by instantaneous path gains.
Lemma 5: Let P ζ be the neighborhood success probability. Now, if the retaining probability of a relay node is P R = 1−e −N P ζ N P ζ with the expected number of nodes in the disc N , then the intensity of active number of relays is given byλ R = λ R P R [25, Theorem 4.1].
Therefore, in order to find the retaining probability, P R in Lemma 5, one must compute the neighborhood success probability, P ζ . As mentioned earlier, the neighborhood set of any relay node is determined by bounding the observation region by B xi (r d ), where r d is a sufficiently large distance, such that the probability for a relay located beyond r d to become a neighbor of x i is a very small number, . Therefore,
where γ R is the minimum required target SNR. Hence, r d can be determined as
where, F −1 denotes the inverse of the CDF of X N . Then the neighborhood success probability within the bounded region can be defined as
Therefore, considering blockages (18) can be written as
where, Q(.) is the cumulative distribution function of the standard normal distribution. A closed form expression for P ζ is given in (20) on the top of next page. Using (20) , we can derive the generalized MHCPP process of the relays and their active nodes which can withstand the blockage effects in the network to transfer the information with less outage probability. In practical scenarios, selecting a relay from an observation (or defined) region with a small neighborhood set of relays is optimal. Since the computational complexity increases with number of relays, a carefully designed region can be taken into consideration.
From the above analysis, it is clear that the achievable capacity of relay assisted link depends on the distance between the relay and the reference point. Assume that our communication is taking place within radius r d , then sourcedestination pair should select the optimal relay with distance less than r d . In the subsequent section, we discuss relay selection techniques based on the best end-to-end SNR 5 and minimum path loss.
Here, we follow two strategies for tractable analysis, namely, random relay and best relay while taking into consideration the blockage effects. The random relay selection technique is used to capture the blockage effects on the performance of active set of relays while, the best relay selection is studied in order to weigh on the trade off between performance and complexity of random relay selection techniques in mmWave networks.
V. SNR ANALYSIS OF THE RELAY SCHEMES
In this section, we analyze the SNRs of two relay selection techniques in order to determine the best technique suitable for a mmWave communication. In the first technique we select the path with the best SNR from a set of random paths. The random paths can be looked upon as the end-to-end SNR from the source to the destination through the aid of relay. In the second case we select the best relay first based on the minimum path loss and then use that relay to transmit the signal to the destination from the source.
A. Best Path Selection
In this subsection, in order to select any random path, we first select a random relay and then compute the end-to-end
SNR 6 distribution of that path. Subsequently, we select the path with the best SNR distribution from an asymptotic point of view (when the number of links tend to infinity in a dense network) by using extreme value theory. As stated before, any node can receive a signal either through LOS or NLOS link. We now compute the SNR distribution accounting for both the LOS and NLOS links. Thus the achievable SNR between the source and the destination can be given as 7
where γ LOS SD and γ NLOS SD are the LOS and NLOS SNRs respectively for the links from source to destination and p LOS and p NLOS are the probabilities that the links are LOS and NLOS respectively. Similarly, the achievable SNR between the source and relay and the relay and destination are given respectively as
Considering the LOS regime, the SNR distribution can be formulated as
Using Lemma 3, the distribution of γ L SD p LOS can now be expressed as
Similarly the γ NLOS SD can be characterized. Therefore, now the total SNR can be calculated using equation (21) . However, γ LOS SD and γ NLOS SD are two independent log-normally distributed variables with different µ and σ parameters. In this scenario, the distribution of the total SNR γ SD has no closed form expression, but it can be approximated by another log-normal distribution using Lemma 2 with parameters µ SD and σ 2 SD . In order to capture the blockage effects on both sides of relay (Source-to-Relay and Relay-to-Destination), we consider the end-to-end SNR to find the path with the best SNR distribution.
For practical systems, the relay gain is given by G 2 = (1/(P (G max ) 2 X N r αi + N 0 )). However, assuming the ideal relaying gain 8 i.e., G 2 = (1/(P (G max ) 2 X r αi )), the end-toend SNR of the link through the aid of relay can now be given as [13] , [30] 
where the subscript SRD stands for the path from the source to the relay to the destination.
Proposition 1. The end-to-end SNRγ SRD is log-normally distributed with new parametersμ SRD andσ SRD .
Proof. Let X = γ SR γ RD and Y = γ SR +γ RD , then in order to prove that Z = X Y is log-normally distributed, it is sufficient to prove that Z is a log-normal random variable with parameters µ Z and σ Z . A detailed proof is given in Appendix A.
Proposition 2. Letγ = max{γ SRD }. Then the probability distribution of the best path from source to the destination which exhibits the maximum end-to-end SNR can be given as
where n = K × N gives the total number of paths available for a given K number of sources and N number of relays.
Proof. See Appendix B.
Asymptotic analysis:
We now investigate the asymptotic behavior of the distribution of the maximum SNRγ of the best relay path with the help of extreme value theory. This is to obtain insights into coverage in very dense networks. In general, extreme value theory is used to deal with extreme values, such as maxima or minima of distributions when the number of random variables increases asymptotically. Let ϕ i s be the realizations of a random variableφ, where ϕ i s are independent and identically distributed with i = 1, 2, . . . , n. By extreme value theory [31] , if there exist constants a ∈ R, b > 0, and some non-degenerate distribution function F (k) such that the distribution ofφ max −a b scales to F (k), then F (k) converges to one of the three standard extreme value distributions: Gumbel, Frechet and Weibull distributions, whereφ max = max(ϕ 1 , ϕ 2 , . . . , ϕ n ). There are only three possible non-degenerate limiting distributions for maxima, which can be expressed as
where u(k) is the step function.
Proposition 3. Letγ = max(γ SRD1 ,γ SRD2 , . . . ,γ SRDn ) denote the maximum end-to-end SNR whereγ SRDi s are independent and identically distributed and n ∈ Z + . Then, the distribution ofγ, F n converges to reduced type 1 asymptotic distribution, F 1 (k) given as
where a n = β n σeμ SRD +κnσSRD (29) and
with κ n = 2β 2 n −(2 log βn−log 2+log 4π) 2βn
and β n = √ 2 log n.
Proof. The proof of this proposition follows from proposition 1 where it was proved thatγ follows lognormal distribution. The distribution ofγ, F n (k) belongs to the domain of attraction of the limiting distribution, if it results in one limiting distribution for extreme. The limit law for F n (a n k +b n ) when F(n) has the lognormal law is F 1 (k). This can be verified by ascertaining that the Von-Mises criterion is satisfied. The von Mises condition [31] , [32] associated with the quantitȳ γ = max(γ SRD1 ,γ SRD2 , . . . ,γ SRDn ) requires that
which indicates thatγ follows a Gumbel Distribution. Similarly, our result follows from [33] , where it was also verified that the limit law for a distribution function when it follows lognormal law is of type F 1 (k). The parameters a n and b n are derived in Appendix C.
B. Best Relay Selection
The motivation behind the use of best and random relay selection is to study the trade off between performance and complexity of relay selection techniques in mmWave networks. The active relays which can participate in the communication are the ones that are minimally affected by blockages. Such a relay with the least path loss can be considered to be the best relay.
Proposition 4. The SNR distribution for the best relay can be given as
Proof. See Appendix D.
Hence, using the above proposition, we select the best relay from a set of active relays which are obtained as stated in section III. At this point it is worthwhile to mention that compared to the decode and forward relaying technique, the amplify and forward relaying may amplify the noise as well. Considering a NLOS condition (dense blockage environment), best relay scheme may not be suitable in amplify and forward systems as it will select the best among the worst channels and amplify the noise. In such a condition, decode and forward relay is advantageous over amplify and forward although it has higher complexity. Hence, here we use the decode and forward technique to transmit the signal from the relays 9 .
VI. COVERAGE PROBABILITY AND TRANSMISSION CAPACITY The relays which are located at larger distances can suffer from large path loss and incur high maintenance costs. Thus, the relay selection method should be carefully designed in order to achieve higher coverage rates. In this section we analyze the performance of our system based on two performance metrics, namely the coverage probability and transmission capacity. The coverage probability is defined as the probability that the destination is able to receive a signal with some threshold SNR T , i.e., P c = P[γ > T ]. That is, the probability of coverage is the complementary cumulative distribution function (CCDF) of the SNRs over the network. On the other hand, the transmission capacity of a network can be defined as the achievable rate of successful transmission per unit area, given the constraints of certain connection outage. This metric is of interest since the characterization of the capacity of every individual active link in a large random network is impractical. Mathematically, the transmission capacity of a relay aided system is defined as
where R is the rate of a random end-to-end link defined as
where T is the minimum threshold SNR. P(γ > T ) follows from Proposition 3 and Proposition 4 depending on the relay selection scheme. However, for the case of decode and forward technique, the average rate, R is calculated as in [9] .
VII. SIMULATION RESULTS
In this section, we validate the system model and also verify the results mentioned in the propositions. In general, the computations are done through Monte Carlo simulations which is then used to validate the analytical results 10 .
We consider the mmW bandwidth of 2 GHz and carrier frequency 73 GHz. Unless stated otherwise, most of the values of the parameters used are inspired from literature mentioned in the references [2] , [3] . For the system guidelines, we mention these parameters and their corresponding values in Table I . Fig. 3 shows the variation of the active number of relays with respect to the intensity of the relays before thinning for different blockage outage probabilities. In order to find the active number of relays, we need to find the retaining probability which can be evaluated by (20) . For a given blockage probability and given density of the relays, one can identify the required number of active relays in order to meet the transmission requirement in the mmWave network.
In Fig. 4 we show the comparison of the coverage probability of the SNR among three links, namely the direct link between the source and the destination, the best path link from the source to the destination through the aid of relays and any random path link which also takes relay into consideration. It is evident from the figure that relay aided transmission has a better coverage probability when compared to a direct link between a source and a destination. It can also be seen that the best end-to-end link has a better coverage probability compared to any random link. Furthermore, we would like to stress on the fact that there is a steep fall on the coverage probability due to the shadowing effects caused by blockages. Fig. 5 and Fig. 6 show the coverage probability for LOS and NLOS relay links respectively. The LOS scenario arises when we consider that all NLOS links are completely attenuated due to blockages and vice versa. In other words the path loss exponent for such links is very large for the respective scenarios and hence these links can be ignored when calculating the coverage probability of the system. The direct link from source to destination without the aid of the relay for NLOS is shown in the figure just for the sake of comparison. It is evident from the figures that relay aided transmission has better coverage probability to a direct link between the source and destination. 10 The parameters considered for simulation in this paper have been taken from recent mmWave studies [1] , [3] , [5] . In Fig. 7 we give insights into the coverage probability of the system in very dense networks. This figure is an attempt at validating Proposition 3 where we state that when the number of SNR links tend to infinity the distribution tends toward the non-degenerate limiting distribution F 1 (k). From the figure it can be seen that as we increase the value of n, the curves converges towards the asymptotic curve which represents the Gumbel distribution. Increasing n can be looked upon as increasing the density of the nodes which in turn increases the coverage probability of the system. Fig. 8 shows the trade offs of the coverage probability of the SNR among three links, namely the direct link, the best path link and the best relay link. It can be seen from the figure that the best relay transmission scheme out performs the other two links. However, the best relay scheme has a high implementation complexity, since it requires high signalling overheads and channel state information from all potential relays. For systems with limited computational capabilities, the best path link is a viable option, but at the expense of reduced coverage. Fig. 7 : Comparison of the SNR coverage among the best path links when the number of links increase asymptotically. Fig. 9 gives the comparison between our model and a general blockage model for e.g., the ones considered in [2] , [22]. It is evident from the figure that for a given relay and blockage density, performance gap of the coverage probability considering the best relay strategy between our model (fixed p LOS ) and the e −βr model [2] is minimal. This is comparable to the model considered in [2] , [22] . We note that the adoption of step function in our analysis enables faster calculations of the coverage probability, as it simplifies expressions for the evaluation of the numerical integrals. In dense mmWave networks, the error due to such an approximation (LOS step model) is generally small and simplifies the dense network analysis. The step function approximation generally provides a lower bound of the SINR distribution corresponding to e −βr blockage model and the errors due to the approximation become smaller when the base station density increases. In Fig. 10 we compare the transmission capacity between the direct link and the best path link from the source to the destination generated through the aid of relays. In this case, we have considered the low complexity case of the best path link. The figure shows the existence of an optimal SNR threshold SNR Threshold Best Path Link Direct Link Simulation Fig. 10 : Transmission capacity comparison between the direct link and the best path link from the source to the destination generated through the aid of relays.
which depends on the operating conditions of the network. The convexity of the curve can be understood from Fig. 3 where it was seen that the active number of relays reach a saturation point after a certain density. Hence, it is quite obvious for the transmission capacity to reach a optimal point.
VIII. CONCLUSION AND FUTURE WORK
Blockages can be quite detrimental to the performance of outdoor mmWave networks. A possible fix for this is to go around the blockages by creating alternative propagation paths with the aid of relays. Accordingly, potential benefits of deploying relays in outdoor mmWave networks were investigated in this paper. Coverage probability from sources to a destination aided by relays which were modeled as independent PPPs were studied. By considering blockages in mmWave network, a relay modeling technique was given. New relay nodes from a set of relays were derived using generalized MHCPP. These active nodes are the ones that can withstand the blockage effects in the network to transfer information with less outage probability. In practical scenarios, selecting a relay from an observation (or defined) region with a small neighborhood set of relays is quite optimal. Since the computational complexity increases with the number of relays, a carefully designed region can be taken into consideration. Relay aided transmission was seen to improve the SNR by around 5dB for a specific coverage probability. Furthermore, closed form expression for end-to-end signal to noise ratio (SNR) was provided along with the computation of the best random relay path using order statistics. In very dense networks, the number of links can be quite large. To investigate such a scenario, extreme value theory was used to analyze the maximum endto-end SNR of random relay paths. It is quite evident from our analysis that the use of relays can be quite instrumental in increasing the coverage probability and transmission capacity of mmWave networks.
We also would like to highlight that a simplified framework was presented in this paper to make it possible for the initial analysis of relay aided mmWave transmission schemes, while gaining useful insights into how to design future mmWave cellular networks to attain higher throughput rates. Certain factors such as load distribution, that deters the performance of relay aided systems were not considered in this paper. Load distribution in mmWave relays can be handled in several ways such as: partial CSI [34] instead of full CSI, distributed relaying schemes [35] and a less centralized relay scheduling scheme [36] may be used. This will however require the design of specific beamformers for specific CSI requirements. The consideration of other realistic system parameters may change the comparison results and similar analysis could potentially be applied to the deterministic equivalent frameworks considering time-varying channels and overhead due to training of pilots. This work can possibly be a very good foundation for future works where more anomalies and impairments will be considered in order to make the comparison more thorough and exact. Another direction of future work is to not only compare additional blockage models but also design new blockage models that can take into consideration an augmented number of geographical locations.
APPENDIX A PROOF OF PROPOSITION 1
From Lemma 1, we have
where
Using Lemma 2, Y can be tightly approximated with another log-normal random variable with parameters
Again, using Lemma 1, the distribution ofγ R = X Y can be given as another log normal variable which is the required result.
APPENDIX B PROOF OF PROPOSITION 2
Let F Y (y) denote the CDF of Y , then the CDF of the maximum of identically distributed random variables X 1 , X 2 , · · · , X n can be given as F Y (y) = P{Y < y} = P{x 1 < y, x 2 < y · · · x n < y} (40) Therefore, F Y (y) can be obtained using order statistics [37] as follows
P{x k < y} = (F X k (y)) n . (41) Proposition 2 thus follows from (41). Furthermore, the parameters K and N can be computed from the mean of the expected number of source and relay nodes.
Mean of Expected Number of Source Nodes: For given values of propagation parameters in bounded region, one can obtain the expected number of source nodes present in the communication vicinity by describing the propagation process. Let Φ S = { r α i N0 X P (G max ) 2 , r ∈ φ} be the path loss process, where i ∈ {LOS, N LOS}. Then the expected number of nodes can be given as
The closed form expression for the above integral follows as in [3] . The mean of the expected number of the relay nodes follows similarly with densityλ R .
APPENDIX C PROOF OF PROPOSITION 3
In order to evaluate the constant a n and b n we first definē ξ n = (logγ n −μ SRD )σ SRD , whereμ SRD andσ SRD follows from Proposition 1. We also define ζ n = n[1 − Fξ(ξ n )], whereξ i is a realization ofξ with i ∈ Z + and Fξ(γ SRD ) = γSRD −∞ (2π) ) dγ SRD . Now, we have from [38] that as n → ∞,ξ n = κ n −β n log ζ, where κ n = (48) Hence, the constants a n and b n can respectively be identified from (48) as a n = β nσSRD eμ SRD +κnσSRD (49) and b n = eμ SRD +κnσSRD .
APPENDIX D PROOF OF PROPOSITION 4 Let Φ = x i = P (G max ) 2 N0 r −αi be path gain process, where i ∈ {LOS, NLOS}. By using Mapping theorem [39] , the density function under the effect of blockages can be given as
Since our propagation process Φ is also effected by shadowing, using the displacement theorem [39] , the updated density in bounded region can be given aŝ
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